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Abstract. We analyze asymptotic symmetries on the Killing horizon of the four-dimensional Kerr— 
Newman black hole. We first derive the asymptotic Killing vectors on the Killing horizon, which describe the 
asymptotic symmetries, and find that the general form of these asymptotic Killing vectors is the universal one 
possessed by arbitrary Killing horizons. We then construct the phase space associated with the asymptotic 
symmetries. It is shown that the phase space of an extreme black hole either has the size comparable with 
a non-extreme black hole, or is small enough to exclude degeneracy, depending on whether or not the global 
structure of a Killing horizon particular to an extreme black hole is respected. We also show that the central 
charge in the Poisson brackets algebra of these asymptotic symmetries vanishes, which implies that there 
is not an anomaly of diffeomorphism invariance. By taking into account other results in the literature, we 
argue that the vanishing central charge on a black hole horizon, in an effective theory, looks consistent with 
the thermal feature of a black hole. We furthermore argue that the vanishing central charge implies that 
there are infinitely many classical configurations that are associated with the same macroscopic state, while 
these configurations are distinguished physically. 

1. Introduction 

In spite of various efforts, the statistical origin of the thermal feature of a black hole fV, still remains 
to be clarified. A universal framework will be necessary to understand, from a general point of view, 
what are microscopic degrees of freedom responsible for the thermal feature and how those degrees of 
freedom constitute a thermal object. One of possible ideas is to consider a universal and local geometric 
structure associated with existence of a black hole horizon and analyze whether such a geometric structure 
is related to the thermal feature of a black hole. Motivated by the success in the case of the B.T.Z. black 
hole [3] , asymptotic symmetries on a black hole horizon have been analyzed in this context (see 01 \5\ for 
recent reviews) , but it still remains controversial whether this approach is successful, in particular whether 
the desirable form of a non- vanishing central charge, i.e., an anomaly of diffeomorphism invariance, arises 
naturally in the algebra associated with the asymptotic symmetries, as in the case of the B.T.Z. black hole. 

An idea behind the asymptotic symmetries on a black hole horizon is the possibility that the microscopic 
degrees of freedom responsible for the thermal feature may be described without the details of quantum theory 
of gravity. This idea does not seem absurd, because the microscopic degrees of freedom of standard thermal 
radiation are indeed described within the classical electromagnetism. Whereas the quantization condition 
should be imposed in order to obtain the Planckian spectrum, we need not resort to the complete theory 
of quantum physics to study the thermodynamical state of standard thermal radiation. It is then expected 
that we may understand also the microscopic degrees of freedom responsible for the thermal feature of a 
black hole in the context of classical theory. In the case of a black hole, however, we are faced with the fact 
that the structure of a Killing horizon, which is fundamental in black hole thermodynamics, does not allow 
for a sufficient number of classical configurations, while a large number of microscopic states are necessary 
for a black hole to exhibit the thermal feature and possess the entropy. Then, a possible way is to consider 
a weakened structure of a Killing horizon, and analyze whether it allows for a sufficient number of classical 
configurations. 
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In the previous work [6], a local geometric structure of a Killing horizon, called an asymptotic Killing 
horizon, was analyzed from the viewpoint of universality, by weakening the geometric structure of a Killing 
horizon without assuming any global structures of a spacetime or field equations. An asymptotic Killing 
horizon was defined as the pair of a null hypersurface H and its generator i.e., the vector field 

that plays the same role only on H as the generator of a Killing horizon. The generator of an asymptotic 
Killing horizon was then found to be given by the asymptotic Killing vectors, which describe the asymptotic 
symmetries on an asymptotic Killing horizon. It was thus shown that once there exists one asymptotic Killing 
horizon, there exist infinitely many asymptotic Killing horizons {H,^°') on the same null hypersurface H, 
that is, the generator is highly non-unique. These results show that we can indeed obtain degeneracy of 
classical configurations by weakening the structure of a Killing horizon. We also showed that asymptotic 
Killing horizons are physically distinguishable, not being a sort of gauge, by analyzing the behavior of the 
acceleration associated with the generators f . We furthermore argued that the discrepancy between string 
theory [7l [H [9] and the Euclidean approach to black hole thermodynamics [lOj [11] in the entropy of an 
extreme black hole will be resolved, if the microscopic states responsible for the thermal feature of a black 
hole are connected with the asymptotic Killing horizons. 

It then may be expected that the microscopic states of black hole thermodynamics are described by 
asymptotic Killing horizons. To clarify whether this is true or not, however, it is necessary to understand 
how asymptotic Killing horizons are described in a phase space, especially when we are interested in quantum 
and/or statistical physics of asymptotic Killing horizons. In particular, we need to derive the Poisson brackets 
algebra of the asymptotic symmetries in order to understand whether a non- vanishing central charge arises. It 
is important also to show that asymptotic Killing horizons can be regarded as degenerate from a macroscopic 
point of view, and hence as the microscopic states that constitute one thermodynamical state. An evidence 
for this will be provided, if we can show that the same values of thermodynamical variables are shared by 
all the asymptotic Killing horizons. In order to analyze these issues, however, we should specify the explicit 
form of the Lagrangian of the theory we consider. We will thus focus in this paper on the four-dimensional 
Einstein-Maxwell theory, and hence on the Kerr-Newman black hole spacetime, as an example that is basic 
but interesting enough. By considering explicitly the metric near the Killing horizon of the Kerr-Newman 
black hole, we can derive also the general form of the asymptotic Killing vectors on the Killing horizon. 
Thus, the purpose of this paper is to investigate those aspects associated with the asymptotic Killing vectors 
which are clarified by specifying the black hole solution and the Lagrangian, and provide a further evidence 
that the microscopic states of black hole thermodynamics are described by asymptotic Killing horizons. 

To analyze the asymptotic Killing vectors, it is reasonable to focus on regular and continuous 
asymptotic symmetries, unless convincing physical explanations are provided, which show that singularity 
or discontinuity of asymptotic symmetries is essential in black hole thermodynamics. Then, we will utilize in 
this paper a regular coordinate system to derive the asymptotic Killing vectors in a correct and well-defined 
manner, while results never depend on a coordinate system used in the analysis. In the next section, we 
will thus first review the behavior of the metric and the gauge potential of the electromagnetic field, in a 
regular coordinate system and a regular gauge, near the Killing horizon of the Kerr-Newman black hole. 
In section |3l we will derive the asymptotic Killing vectors on the Killing horizon, based on the behavior of 
the metric considered in section [21 It will be found that the general form of the asymptotic Killing vectors 
so derived is the universal one possessed by arbitrary Killing horizons [6] . We then construct in section [4| 
the phase space associated with the asymptotic symmetries and compute the Poisson brackets between the 
conserved charges conjugate to the asymptotic Killing vectors. To do so, we will need to incorporate the 
electromagnetic field into the asymptotic symmetries, and it will help to observe an interesting feature of the 
phase space of an extreme black hole. From the computation of the Poisson brackets, we will see that the 
central charge in the Poisson brackets algebra vanishes, and that this fact itself implies that all asymptotic 
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Killing horizons give the same value of a thermodynamical quantity. Finally, we will summarize and discuss 
our results in section [S] 

2. Near horizon 

The metric gab and the gauge potential of the four-dimensional Kerr-Newman black hole are written in 
the Boyer-Lindquist coordinate system (t, r, 0, ip) as 

, , A - sin^ 6* „ a sin^ 0(r^ + a"^ - A) , , 
ds^ = dt^ - 2 dt dip 

+ - sm^ dip'' + —dr'^ + Y.d9, (2.1) 

E A 

K = - \ {dt)a + {dp)a, (2.2) 

where the bar on a field variable indicates that it is used in the following sections as a background, and the 
superscript s on Aa implies that it is singular. The functions A and E are defined by 

A = r^ -2Mr + a^ = {r-r+){r-r_), ^ ee r^ + a^ cos^ 6 , (2.3) 

and M, J = aM, and Q are the mass, the angular momentum, and the electric charge of the black hole, 
while the constants r+ and r_ are defined as 

r± = M ± ^/M^ -a^ -Q^ , (2.4) 

and denote the radius of the outer and the inner horizon, respectively. We focus in this paper on the case of 
r+ > r^, so that the spacetime singularity is hidden behind an event horizon. 

In the Kerr-Newman spacetime {AI,gab), there exist the timelike Killing vector = (d/dt)"" and the 
rotational Killing vectors If the black hole is not rotating (a = 0), denotes all the Killing vectors 
that generate 0(3) rotations, whereas only the axial Killing vector ^"^^ = {d/dp)"" is allowed in the rotating 
case (a 7^ 0). The linear combination of these Killing vectors defined by 

C^C+^^C' (2-5) 
where flH = 0'/{r'^ + a^) is the angular velocity of the black hole, becomes null on r = r_|_ , and so it generates 
a Killing horizon on r = r^. The field strength Fab = Va^h — "Vb-Aa of the electromagnetic field also is 
invariant along these Killing vectors as 

A(.,^a6 = 0, (2.6) 

where denotes collectively the Killing vectors ^"^^ and Although the Lie derivatives of the gauge 
potential along ^"^^ need not vanish in general, the gauge potential A^ given by (|2.2p satisfies C^^^^A^ = 
for all the Killing vectors ^ . 

Focusing on the future horizon, it is convenient to consider here a double null coordinate system that 
is "co-rotating" with the future horizon. (One can of course consider the past horizon in the same manner.) 
We thus define the new coordinates U, V and (j) bjQ 

dt^dV ^ " dr, ^° dr^ ^{dV-dU), dip ^ d(t) + VLndV - ^dr. (2.7) 

However, the coordinate system ([/, V, 0, 0) does not cover the Killing horizon. In the case of a non-extreme 
black hole r+ > , we then define the Kruskal coordinates u and v as 

u = exp [—hqU] , V = — exp [n^V] , (2.8) 

X The coordinate system defined by 112.71 1 differs from the standard one (see, e.g., 1171 ) in the second term on the right-hand 
side of the last equation, which is given here by Q,HdV , not flndt. However, it is convenient to use the coordinate system 
adopted here, when we consider the metric near the future horizon of an extreme black hole. 
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where kq = (r_|_ — r_)/2(r^ + a^) is the surface gravity of the KiUing horizon. Now, the future horizon is 
located at u = and covered by this coordinate system smoothly. Indeed, near the future horizon u — 0, 
the metric gab behaves as 

ds^ = -2Adudv + 2Evdud<j) + Y,+ d9^ + sin^ 9 dcj)^ + 0{u), (2.9) 

where the functions A, S, and are defined by 

A=l exp[-2Kor+] (l-— )°^' /+ , (l-a»gsin^g), (2.10) 

S = ^ exph 2Kor+] (l - — )"^^ ^ sin^ 6>, E+ = + cos^ 6*, (2.11) 



and the constants R and a are given by 

i?2=r^+a2 Q = ^ " (2.12) 

+ rl+a^ ^ ^ 

As one can see from the components in the regular coordinate system (u,v,6,(j)), the gauge potential 

is singular on the future horizon u = 0. A regular gauge is then achieved by the gauge transformation 
^ A" - - V.x" with 

^" = " {rl +\^) ^ " ~ 2 (r^ + a2) ^ ~ 2 (r^. + a^) ^' ^^'^^^ 
and the new gauge potential A" is written near u = as 

= 0(u") {du)a + ^asin^ (d(^), + 0(u). (2.14) 

For all the Killing vectors ^[^^ , we can show 

A(„^:--VaA(.,x" = 0, (2.15) 

and hence the gauge potential A^ also obeys the isometrics of the Kerr-Newman black hole. Moreover, we 
have 

= Oiu), (2.16) 
where ^^^^ is written in the present coordinate system as 



/ Q \a 



^ou[lJ. (2.17) 

We can obtain (|2.16p from (|2.14p and (|2.17p . However, it is important to note that (|2.16p follows essentially 
because A" is regular and vanishes on the bifurcation surface (u = v = 0) of the Killing horizon |18j . 
and (|2.15p yields C^^^^£_^i^^A" — 0. In other words, (|2.16p results from the fact that a non-extreme black hole 
has a bifurcate Killing horizon. 

When the black hole is extreme r+ = r_ , we introduce null coordinates u and v by 

U = - 2r+ f{-r^^u), V ^ v, (2.18) 

where the function f{x) is defined as 

f{x)=x + 2liix~—, (2.19) 

X 

and the constant 7 is given by 

'+ ' + 

The future horizon is found to be located at u = in this coordinate system, and the metric gat behaves 
smoothly near u = as 

7-)4 

ds^ = -2Adudv + 2Edud(t) + ^+ de^ + sin^ 9 dcf)^ + 0(u), (2.21) 
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where A and :^ are defined in the extreme case as 

A=l-anHSm^e, E = asm^e, (2.22) 

while E+ and R are defined by (|2.1ip and (|2.12p . respectively, as in the non-extreme case. Also in the case of 
an extreme black hole, the gauge potential is singular on u = 0, and we obtain a regular gauge potential 
A'a by performing the gauge transformation —> A'^ = A'^ — VaX^, where x' is given as 



Q'^+ TT Q'^+ TA ^ 2 '^+^0^ / -1 ^ , Q ^+-0'^ 



X 



-I 



2{r\+a^) 2(r^+a2) ^ + {r^ + a^)^ ^ + ' 2 (r^ + a^)^ ^ ' 

and p(x) is defined by 

p{x) = ia;^ + 2a; + 7^ In a; . (2.24) 

(One might expect that a regular gauge is achieved by the same gauge transformation (I2.13|) as in the 
non-extreme case, since the gauge potential takes the same form when expressed in the coordinate system 
(f7, ¥,6*, 0). However, it cannot remove all the singular parts of in the case of an extreme black hole.) 
The new gauge potential behaves near u = as 

= 0(w°) [du)a + %^ a sin^ 6 {dcfya + 0{u). (2.25) 

However, the gauge transformation A" = — VaX": where 

^" ^ -^77-?^r^ ^ ^ ^ ^\t^-^ Pi- ^+'^) + ^T^— i " ^' (2-26) 

2 (r^ + a^) (r^ + a^)^ ^ 2 (r^ + a^)^ 

also yields a regular gauge potential A" , which is written near u = as 

^" = -^77-?^^ (^")- + + ^ asin^ (d</,), + 0(7.). (2.27) 

z [r_^^ -t a ) 

Therefore, both of the gauge potentials, A'^ and A'^ , are regular all over the future horizon. We also note 
that we have 

/:^,,,ia = -v,/:^,,,x = o(u), (2.28) 

where Aa and x denote and x' i or A" and respectively, and ^"^^ is expressed in the present coordinate 
system as 

^<'''"(,a^j + 2(u-r+)2+a2 (^a^j ■ (2.29) 

Since the Lie derivatives of and A" along the rotational Killing vectors vanish, all the isometrics in 
the Kerr-Newman spacetime are respected by both of A'^ and A" at least on the future horizon it = as 

C^^^^Ai^Oiu), C^^^^A'^^Oiu). (2.30) 

On the other hand, the difference between these two gauge potentials, which is important below, is described 
as 

^l^A'^ = 0(u), er.,^" = - 2(,T+a^) + (2.31) 

We note that £,^^^A'^ vanishes on the future horizon u = 0, whereas C(h)^? does not. Thus, A'^ possesses 
the same property as A" in the non-extreme case, which satisfies ()2.16p . while A" does not possess this 
property. Although fj^^)^" the non-extreme case is required to vanish on the horizon in a regular gauge, 
the corresponding quantity need not vanish in the case of an extreme black hole. This is because the 
Killing horizon of an extreme black hole does not have a bifurcation surface. Then, there are no reasons 
to prefer to the gauge A'^ and exclude the gauge A". Rather, it is A" that reflects faithfully the global 
geometric structure of a Killing horizon particular to an extreme black hole, while imitates the gauge in 
the non-extreme case. 
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3. Asymptotic Killing vectors 

In the previous work [B] , an asymptotic Killing vector on an asymptotic Killing horizon was defined based on 
the feature of the standard asymptotic symmetries, such as the B.M.S. group il2\ and the conformal group 
in a 3-dimensional asymptotically anti-de Sitter spacetime [T^ , where the leading behavior of the asymptotic 
metrics is left unchanged under the asymptotic symmetry transformations, no matter what their sub-leading 
behavior is. In particular, an asymptotic Killing vector on a Killing horizon _ff in a spacetime {M,gab) is 
defined to be a smooth vector that satisfies 

Ccgab = 0(a), (3.1) 

for any smooth scalar a such that cr = and VaC 7^ on _ff , where gab are arbitrary smooth metrics that 
coincide with gab on H as 

gab ^ gab + 0{a). (3.2) 

Thus, an asymptotic Killing vector behaves as if a Killing vector only on H, and hence it is a generalized 
notion of a Killing vector. We note also that the infinitesimal diffeomorphisms gab gab + ^cgab along 
asymptotic Killing vectors C° leave the form (|3.2p of gab unchanged, which therefore generate the asymptotic 
symmetry group. 

We now derive explicitly the general form of the asymptotic Killing vectors C° on the future Killing 
horizon of the Kerr-Newman black hole, by solving (|3.ip . To do so, here we specifically take, as the scalar 
function cr in ()3.ip , the retarded null coordinates u introduced by ()2.8p in the non-extreme case and (j2.18|l in 
the extreme case, because these functions are smooth, vanishing, and non-degenerate on the future horizon. 
We then substitute the asymptotic form of the metric, (|2.9p in the non-extreme case and (I2.2ip in the 
extreme case, for gab in p.2p . and expand the asymptotic Killing vector as 

C = cr„)(^^, 0,ci)) + u Q,{v, e, 4>) + Oiu"). (3.3) 

The requirement that p.ip holds for arbitrary perturbed metrics gab of the form (|3.2p gives ten equations 
for the components of C°, and they are classified into two sets of equations, which decouple from each other, 
and one equation given as 

Co, = 0. (3.4) 

Among these two sets of equations, the first set consists of equations for the leading order of the angular 
components Cfo) and CJ^, , whose explicit forms are given by 

S.Cfo) = 0, (3.5) 
dvCt) = 0, (3.6) 
Cf„,aeS+ + 2E+a9C =0, (3.7) 

E+ a^Cfo, + ^ sin' dgCi = 0, (3.8) 
Cf„, de sin2 9) + 2^ sin^ 9 a^Cfo, = 0, (3.9) 

in both the non-extreme and the extreme cases. We note from (|3.5p and p.6p that Cfo) ^.nd C(o) do not 
depend on v, and hence ()3.7p - ()3.9p are purely two-dimensional equations. Indeed, they are nothing but the 
components of the two-dimensional Killing equation on a horizon sphere (a cross-section of the future Killing 
horizon) with v fixed, and therefore the exact rotational Killing vectors satisfy these equations. To see 
whether or not other solutions ("enhanced symmetries" only at the horizon) happen to exist, we employ the 
axial symmetry of the Kerr-Newman spacetime and write (^^^^ and Cfo) as 

Cfo, = P{0) e™^ Cfo, = Qi0) e™^. (3.10) 
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By substituting (|3.10|) . we rewrite (|3.7P " P.9p as 

Pie)de^+ + 2j:+dgPi9) = 0, 

i m T.I P{6) + sin^ 9 dgQ{e) = 0, 



P{e) de (-^ sin^ e)=-2im Q{0), 

sm & \2^+ / 



(3.11) 
(3.12) 

(3.13) 



respectively. The solution for m = is then given by P{9) — and Q{0) = const., and hence it is expressed, 
by using d/dcp = d/d4>, as a constant multiple of the axial Killing vector For m 0, on the other hand, 
we integrate p. lip and substitute it into p.l3p . which gives P{9) and Q{9). When they are substituted 
further into (|3?T2l) . we obtain 

m^T.\{9) + {r+^ +a'^f(^3a^ 8111^9 cos^ 9- j:+{9)j =0, (3.14) 

unless P{9) and Q{9) are trivial as P{9) — Q{9) — 0, i.e., Cf^j = (ff,^ = 0. It is then straightforward to show 
that non-trivial solutions of P{9) and Q{9) for m / do not exist when a ^ 0. Actually, (|3.14p gives — 1 
when evaluated at = 0, and it gives a^ = when it is evaluated at 9 — 7r/2 and = 1 is substituted. 
Therefore, a non-trivial solution in the case of a 7^ is possible only for m = 0, and is given by a constant 
multiple of ^"^j . On the other hand, when a = 0, the spacetime is spherically symmetric, and hence the three 
exact Killing vectors of 0(3) rotations are allowed. Moreover, in this case, any solutions should be expressed 
as linear combinations of these three Killing vectors with constant coefficients, because p.7p - p.9p are the 
components of the two-dimensional Killing equation. Thus, in any case, we see that the solutions of and 
C(t) are described by 



d 



09 ' +^<'" ' 



d 



(3.15) 



where the coefficients a*'' are arbitrary constants and summation over the index (i) is understood, if necessary. 
On the other hand, the second set of equations is written in the matrix form as 



/ 


-A 







V ^ ^ 


\ 


( C", 


\ 




-A 

























S+ 









^(1) 




V 


vE 







i?4sin2 0/S+ ^ 


1 


V cf., 


/ 


/ 





] 




( 'A 










KqLlI A 






KqV a dydl 















+ 


kqv a dgLU 


+ 






V 


— hqv iliE 


) 















deA 



c; 



(3.16) 



in the non-extreme case, and as 






?4 „;„2 








-A 







-A 
















S^ 


v 











\ 


/ ''(I) 






( ' ] 


( 








A dyto 












A dgiJ 


+ 


/ 




) 




{ Ad4.Lb ) 


V 







/■4> 

5(0) 



(3.17) 



i?4sin^6'/E+ / 

in the extreme case. The function Cj in (|3.16p and p.l7p is defined by 

u;{v,9A) = —Qo,{v,9,(l>), (3.18) 
in the non-extreme case, and by 

uj{v,9,cl))=Cl,{v,9,cj>), (3.19) 

in the extreme case, while it is left undetermined and hence arbitrary in what follows. We note that it is 
possible to write p.lSp and (|3.19p in a unified manner as 

Co, (3-20) 
by using (|2.17p and (|2.29p . We also note from p.lSp that we have Cfo) — and C^f^y^ — const, in the case 
of a 7^ 0. On the other hand, when a = 0, we see from p.lOp . (|2.1ip and (|2.22p that A = const, and 
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S = 0. Thus, in any case, the last terms on the right-hand side of (|3.16p and (|3.17p vanish. In addition, the 
components of the matrices on the left-hand side of (|3.16|) and (|3.17p are the leading order of the components 
of (Jab, and the components of the first term on the right-hand side of (|3.16p are given by the leading order 
of —kq ill (jab 6^1^. Then, by multiplying (|3.16p and (|3.17p by ug'^"-, and using the explicit form (|2.17p of the 
Killing vector in the non-extreme case, we obtain 



u ( 



C^,,^^S'^e:,,+u^ovAV'd; + Oiu'), (3.21) 



in the non-extreme case, and 

uQ^^uAV^Lo + Oiu^), (3.22) 

in the extreme case. Therefore, by collecting p.4p . p.20p . p.2ip . and (|3.22p all together, adding the 
independent solution ()3.15p . and noting from (I2.29P that ^("j in the extreme case is O(u^), we sec that the 
general solution of ('^ is written as 

C=oj + a<" C", + 0(u2), (3.23) 

where X"" is given by 

X'' = KovAV^Lo, (3.24) 
in the non-extreme case, and by 

X" = AV^w. (3.25) 
in the extreme case. 

We find that (|3.23p coincides with the result in [M] in the spherically symmetric case. It is also possible 
to rewrite (|3.23p into the form presented in [B], which manifestly shows that (|3.23p is defined covariantly. 
To see this, we recall that the normal VqW to the future horizon u = does not vanish, and that the future 
horizon is a null hypersurface. Therefore, V^m is proportional to on u — 0, and hence there exists a 
smooth scalar n such that 

= nV^u + 0(u) = V"(nM) + 0(u). (3.26) 

Actually, n is given by n ~ —kqv A + 0(u) in the non-extreme case, and n = —A + 0(u) in the extreme 
case. Then, by defining a scalar A as A = nu, which is found from (|3.26p to satisfy ^"^^ = V^A + 0(u) and 
hence is called the potential of [B] , we see from p.24p and (|3.25p that we can write as 

uX'' = -un^I'^Q: + Q){v?) = -AV^cj -I- 0{u^), (3.27) 

in both the non-extreme and the extreme cases. Furthermore, although Co has been introduced in (j3.18p 
and p.l9p as a function of u, 0, and only, it can indeed depend on u, as well. By expanding an arbitrary 
smooth function w(u, u, 0, (/)), which depends also on u, into the Taylor series near u = as 

a;(u, w, 6*, 0) = Co(v, 9, cj)) +uuj'{v, 0, (j)) + 0{u^), (3.28) 

and using (|3.26p . we obtain 

Lo ^[5^) - unV°w = uj ^[l, - un^^uj + 0(^2). (3.29) 

Thus, dependence of lo on u cancels out automatically to linear order in u, and then C° is eventually written 
as 

C = co^l, + a«Cr., - AV^c. + 0{u^). (3.30) 

This is indeed the form of the asymptotic Killing vectors presented in [6], which was shown to satisfy (|3.ip 
independently of the choice of cr. Therefore, the general form, i.e., the only possible form, of the asymptotic 
Killing vectors on the Killing horizon of the Kerr-Newman black hole is found to be given by (|3.30p . An 
important feature of the asymptotic Killing vectors (j3.30p is that they exist universally on arbitrary Killing 
horizons 0, not only on the Killing horizon of the Kerr-Newman black hole. 



Asymptotic symmetries on Kerr-Newman horizon without anomaly of dijfeomorphism invariance 



9 



4. Covariant phase space 

4-.1. Symplectic formalism 

Although the asymptotic Killing vectors are defined to act on the metric gab in a spacetime, it is important 
to consider also how the actions of the asymptotic Killing vectors are represented in a phase space. To 
analyze this issue, we employ the symplectic (covariant phase space) formalism [HI [501 HI] , which we here 
briefly review. 

We write as L^ijj) the Lagrangian of an n-dimensional theory, where V'^ denotes the dynamical field 
variables collectively. The actions C^ip'' of diffeomorphisms along arbitrary vectors are then identified 
with the variations S^^ip^ induced by C^^tp'^ in the covariant phase space, i.e., 6(^tp^ = C(^ip^ . In the covariant 
phase space, on the other hand, the variations S^i/j^ are generated through the Poisson brackets between 
and the conserved charges 7i[tl;,Q conjugate to the vectors which are defined by their derivatives 
5T-C[ijjX] as 



m[^,C] = j^u;,,...,_Mk^.H)- (4.1) 

Here, C stands for an arbitrary (partial) Cauchy surface, on which the conserved charges 7^[V', C] are defined, 
and Wci - c„_i ("0; '^iV'j '^2^') is the symplectic current density constructed as 

from the surface term Q^{ip; Sip) in the variation 

5 (£,,...e„ L(0)) = Ei 5^' + Vfc Si^), (4.3) 

of the Lagrangian density £ci - c„ L{tp), where Ej = Q denotes the field equations. 

However, we should impose boundary conditions on ^/;^ so that the conserved charges TtltpjC,] are 
integrable. The integrability condition of H[tp, C] is then written [21] as 

C'tObc,-c^^A^;Sii;, 62^)^0, (4.4) 

dC 

for arbitrary independent variations Sitp-' and S2'4'^ tangent to the covariant phase space. When the 
integrability condition (j4.4p is satisfied, the conserved charges Tilip, Q are expressed in the form of a surface 
integral as 

n[^-x]= [ Je6ac,...c,._Jg'"^(V';C) + 2c"'i3'^i(V')l +^o[c], (4.5) 

JdC ^ 

where 7^o[C] is an integration constant, which we tentatively set to zero, B°'{%1)) is defined by 



e6ac,...c„_,CS"W= / ebac,-c^_,CQ\^;H), (4.6) 

IdC JdC 

and (5''"('0; C) is given, by using Ei = 0, as the potential of the Noether current J^{4'] C) = ©''('0; -^c^) ~ C'-^j 

i.e., J''(V;C) = VaQ''n0,C). 

Under the integrability condition (|4.4p . it has been also shown '^A^ that the Poisson brackets between 
7^['0, C] are given by 

{7^[0;Ci] , 7^[V';C2]} =:^[^;/:oC2]+if[Ci,C2], (4.7) 

where the central term K[C,i, (,2] is evaluated as 

K[Ci,C2] = 5c2^[0;Ci] -^[0;/:ciC2], (4.8) 

on a background configuration 0^, and SQ^lH-li!] Ci] is calculated by 

k2'H[i>-Xi] = I i£-6aci...c„_J/:c.Q''n^;Ci)-^ciQ''n'/^;C2)-g'n0;^C2Ci) 

JdC ^ L 

+ Q'"(0;Ci)(VdC2') -Q'"^(^;C2)(VrfCi')+2cf Cz'^Wl- (4.9) 
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The same expression for the central term has been derived by Silva 15J. Ahhough Barnich and Brandt [16j 
gave a shghtly different expression, the difference is shown to vanish, when C^gab is vanishing on dC, as we 
consider in this paper. 

In order to analyze the integrability condition (|4.4p and the central term (j4.8p for the actions of the 
asymptotic Killing vectors on the Killing horizon of the four-dimensional Kerr-Newman black hole, we now 
let C° be given by (|3.30[) and '4)^ be the Kerr-Newman black hole solution. Correspondingly, we consider the 
four-dimensional Einstein-Maxwell theory, and thus the Lagrangian L(Tp) is given by 

1 



Idtt 



(4.10) 



As the dynamical field variables tp^ , we take the metric gab and the gauge potential Aa , because the variation 
of the Lagrangian (|4.10p with respect to these variables yields the field equations Ej = 0, from which we 
also find that Q^{ijj; 6ip) is given as 

1 



Idtt 



(4.11) 



The background configuration ■0^ is thus described by the metric gab, along with the regular gauge potential 
A^ in the non-extreme case, and A'^ or A" in the extreme case, as we presented in section[2] While we focus 
in this paper on the spacetime exterior to the horizon of the Kerr-Newman black hole, the boundary dC of C 
is considered to consist of a horizon sphere only, by assuming that all the asymptotic Killing vectors fall off 
rapidly on the other boundary of C at infinity. In order to complete the construction of the covariant phase 
space, we now specify the behavior of the metric and the gauge potential near dC so that the integrability 
condition (14.41) is satisfied. 



4-2. Boundary condition 

Since the symplectic current density cubcdiip', ^iV'i ^2'4') is bi-linear in Sip^ or their derivatives, the integrability 
condition (|4.4p is satisfied, if we impose the boundary condition that 5ip^ and their derivatives fall off rapidly 
enough near the horizon sphere dC. However, we are analyzing here the actions of the asymptotic symmetries 
in the covariant phase space, and thus we wish to impose a boundary condition so that any configurations 
of achieved by the asymptotic symmetry transformations reside within the covariant phase space. 
The desired boundary condition on the metric gab is easily specified. We note that (|3.ip gives 

6cgab^Ccgab--0{u), (4.12) 

as long as gab takes the form of (|3.2p . On the other hand, p.2p is described in the variational form as 

Sgab = 0{u). (4.13) 

We note that (|4.12p is consistent with (|4.13p . and hence the actions of all the asymptotic Killing vectors 
C° are realized within a phase space, when the phase space is constructed under the boundary condition 
(j4.13p . In addition, it has been shown [14] that if (|4.13p is imposed, the integrability condition (|4.4p of the 
conserved charges is satisfied in vacuum Einstein gravity. Also in presence of the electromagnetic field, we 
then naturally impose ()4.13p as the boundary condition on the metric gab- 

In order to specify the boundary condition on the gauge potential Aa, we first need to incorporate Aa 
into the notion of the asymptotic symmetries, so that the asymptotic Killing vectors ^" act on Aa as the 
generators of the asymptotic symmetries. Since the background gauge potential Aa is invariant along the 
Killing vectors ^^^^ on the horizon, as it is seen from (|2.15p and (|2.30p . and the asymptotic Killing vectors 
are local generalization of Killing vectors, it might seem reasonable to require that Aa is invariant also along 
the asymptotic Killing vectors C° as C^Aa = 0{u), and hence S(^Aa = 0(it). By noting C^VaU = 0(u) and 
following the same argument as we used above for the boundary condition on the metric, it then would be 
natural to impose the boundary condition on the gauge potential as SAa — 0{u). This would be plausible 
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also from the viewpoint of integrability of the conserved charges 7i.[ip,(^], since the integrabihty condition 
(|4.4p is satisfied when SAa — 0{u), as we will see from (I4.14p below. 

However, the electromagnetic field has the gauge degree of freedom. We thus write as SAa — VaX+0(u), 
where x may be arbitrary at this stage but will be constrained from the integrability condition in what 
follows. By using (|4.1ip and substituting (|3.30p and (I4.13P into (14. 4p . we find that the integrability condition 
is described as 



dC 



{SiF'^) ^i.jt{S2 Aa) - {S2F'^)^,,,^{6,Aa) = 0, (4.14) 

where Scd is the volume element on dC and we note that are tangent to dC. Since uj is an arbitrary function, 
it then follows that the inside of the bracket in (|4.14p should vanish in order that the integrability condition is 
satisfied for all the asymptotic Killing vectors. We see that it does vanish if we impose the condition x = 0{u) 
near the horizon, because F"^^ is antisymmetric and SAa ~ VaX + 0{u) (x VaU + 0(u) oc ^(,,)^ + 0(w) in that 
case. Imposing a boundary condition on x might look strange, but it is actually natural that a boundary 
condition on the metric is combined with a condition on gauge transformations on the boundary, as it 
occurs in the case of an asymptotically anti-de Sitter spacetime 23 , for example. Therefore, we impose the 
boundary condition on Aa as 

SAa = Va{ux') + Oiu), (4.15) 

and hence Aa is written as 

Aa= Aa + Va{ux') + 0{u), (4.16) 

where x' is an arbitrary smooth function. 

One can see that the boundary condition (j4.15ll is supported by the natural requirement that the 
conserved charges 'H[ip;C] should not depend on the electromagnetic gauge. Suppose that one of the 
variations of ijj^ in the arguments of the symplectic current density uJcde{4':^i''PjS2''P), say S2'4'^ , is a pure 
gauge transformation as 52ffa6 — and (52 = VqXj and the other is given by the Lie derivatives along an 
asymptotic Killing vector as Sigab — J^cdab and SiAa = C(^Aa- Then, the variation S2Ti.[ip; Q of T^bPj C] 
under the gauge transformation 82 is calculated, by using (j4.ip and the Maxwell equation, as 



1 



S2n[i^; C] = ^ / ebacd X CcF"^ + lg''%Cc9de)F"^ ■ (4.17) 



Although C^gab = S^gab vanishes on the horizon sphere dC, due to the boundary condition (|4.13p . C^F'^'^ 
does not, in general. If we impose x — 0(u), however, we have S2'H[iPtC] — 0, as required. Thus, we find, 
also from gauge invariance of the conserved charges, that the boundary condition ()4.15p is reasonable. 

While the boundary condition (I4.15P on Aa has been determined by incorporating the electromagnetic 
field into the asymptotic symmetries and imposing the integrability condition of the conserved charges, it 
does not necessarily ensure that this boundary condition is preserved under the actions of the asymptotic 
Killing vectors. When we take the Lie derivatives of Aa along the asymptotic Killing vectors we indeed 
find 

Si;Aa = Ci;Aa = ^^V^c^ + V, [t^Cf., Vfe (u x') + ) ^fc (" x') " A^V^c^] + 0(u), (4.18) 

from (|3.30p and (|4.16p . We see that the second term in (I4.18P is the gradient of a scalar of 0{u), because we 
have ^fftjVfeU — 0(u) and S.'^^^VbU — 0{u). Then, by noting that (|4.15p yields n°'SAa = 0{u) for an arbitrary 
vector tangent to u = 0, a necessary condition for S^Aa to take the form of (|4.15p is found as 

Cf„Abn''VaW = 0(u). (4.19) 

In order that any configurations of Aa achieved by the asymptotic symmetry transformations reside in the 
covariant phase space, we thus impose either 

n°VaW = 0(ii), (4.20) 
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or 



^^A, = 0(u). 



(4.21) 



When l|4.2ip is satisfied, (|4.18p is consistent with the boundary condition (|4.15p for arbitrary u, and hence 
the actions of all the asymptotic Killing vectors are appropriately represented in the covariant phase space 
in this case. If (|4.20p is satisfied, however, cu must be constant on w = 0. Moreover, as we have seen from 
p.29p . dependence of a; on w cancels out up to O(m^), which occurs also in (|4.18p . Thus, u in this case must 
be given as w = const. + O(m^), and then the asymptotic symmetry group is nothing more than the isometry 
group. On the other hand, from (I4.18p . we have 6(^Aa = 0{u) when oj = const. + 0{u'^), which indicates that 
the isometry group is represented appropriately in the covariant phase space under the boundary condition 
()4.15p . Therefore, we see that the asymptotic symmetry group is necessarily reduced to the isometry group 
in the covariant phase space, when the condition (|4.2ip is not satisfied and hence (|4.20p must be imposed. 

4-. 3. Degeneracy 

In the case of the non-extreme Kerr-Newman black hole, the regular gauge potential A" satisfies ()2.16p . and 
hence (|4.2ip follows from (|4.16p . Indeed, whenever the surface gravity is non- vanishing, (|4.2ip is shown to 
be satisfied on an arbitrary Killing horizon in a regular gauge that satisfies the boundary condition (|4.15p . 
A Killing horizon with the non- vanishing surface gravity has a bifurcation surface [221 , where the Killing 
vector J vanishes, and so does In addition, since the boundary condition (|4.15p implies 



Therefore, C(h)^a vanishes all over the horizon li = 0, and (|4.2ip holds generally on a Killing horizon with 
the non- vanishing surface gravity. The actions of all the asymptotic Killing vectors are thus represented in 
the covariant phase space, without reduction of the asymptotic symmetry group. 

However, an extreme black hole does not possess a bifurcation surface, and hence the above argument 
in the case of non-vanishing surface gravity does not apply to an extreme black hole. It is possible even in 
the extreme case to choose a gauge which imitates that of a non-extreme black hole, in the sense that (|4.2ip 
is satisfied, such as A'^. However, there are no reasons to exclude the gauges that do not satisfy (|4.2ip . such 
as A", because the Killing vector does not vanish anywhere on the horizon, as we see from (|2.29p . In the 
latter case, we need to impose (|4.20p . and hence the asymptotic symmetry group is necessarily reduced to the 
isometry group. We emphasize again that the gauges that do not satisfy (|4.2ip refiect faithfully the global 
geometric structure of the Killing horizon of an extreme black hole, i.e., absence of a bifurcation surface. In 
other words, the asymptotic symmetry group must be reduced to the isometry group when we respect this 
global geometric structure particular to an extreme black hole. 

Here we recall that an asymptotic Killing horizon [5] was considered as a local geometric structure 
generalized from the notion of a Killing horizon, and is defined by the pair (H,^°') of a null hypersurface 
H and its generator The generator of an asymptotic Killing horizon is then given by the asymptotic 
Killing vectors that become null on H, i.e., those with a*'' = in (|3.30p . Since the function oj in (|3.30p is 
arbitrary, there exist infinitely many asymptotic Killing horizons on the common null hypersurface H. In 
particular, an arbitrary Killing horizon is accompanied by infinitely many asymptotic Killing horizons, and 
hence this provides degeneracy associated with the local structure of a Killing horizon. However, when the 
asymptotic symmetry group is reduced to the isometry group, which occurs in the case of an extreme black 
hole, the degeneracy of the asymptotic Killing horizons disappears, leaving the extreme black hole isolated. 

It was also argued in [6] , based on the behavior of the acceleration associated with asymptotic Killing 
horizons, that the Killing horizon of an extreme black hole shows two contrastive aspects. On one hand, the 



(4.22) 



we have 




l^Aa = 0{U). 



(4.23) 
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Killing horizon of an extreme black hole is considered as isolated from the asymptotic Killing horizons on 
itself, in contrast with the Killing horizon of a non-extreme black hole, which is continuously deformed into 
asymptotic Killing horizons. On the other hand, infinitely many asymptotic Killing horizons reside on the 
Killing horizon both of a non-extreme black hole and of an extreme black hole, and hence an extreme black 
hole carries as many asymptotic Killing horizons as a non-extreme (near-extreme) black hole. The former 
aspect is manifest when the global structure near the horizon is probed, while the latter is relevant to the local 
structure. Therefore, an extreme black hole looks isolated when the global structure of its Killing horizon is 
respected, but it behaves similarly to a non-extreme black hole as far as its local structure is concerned. We 
also recall that the Euclidean approach to black hole thermodynamics shows that the entropy of an extreme 
black hole vanishes [TUl ITT| , which implies that there exists only a single microscopic state, while it is shown 
in string theory to obey the Bekenstein-Hawking formula [3 [H [9] , indicating that an extreme black hole is 
accompanied by microscopic states as many as a non-extreme black hole. We now see that the behavior of 
the asymptotic Killing horizons [6 , which was argued based on the acceleration and found consistent with 
both of these reliable results in string theory and the Euclidean approach, is realized also in the covariant 
phase space. The covariant phase space of an extreme black hole constructed under the boundary condition 
that imitates a non-extreme black hole has the size comparable with that of a non-extreme black hole, but 
the boundary condition that reflects faithfully the global geometric structure of an extreme black hole yields 
the covariant phase space where degeneracy of asymptotic Killing horizons is not allowed. 

We now turn to the issue of the algebra defined by the Poisson brackets (|4.7p . In particular, it is 
meaningful to see whether a non- vanishing central charge arises in the Poisson brackets algebra, i.e., whether 
the sub-group of diffeomorphisms described by the asymptotic Killing vectors is represented with an anomaly. 
Since we have imposed the boundary condition so that the conserved charges conjugate to the 

asymptotic Killing vectors are integrable, we can compute the central term _R'[Ci,C2] by (|4.8p and (|4.9p . 
where Q^'^{^; C) is found from the Lagrangian (|4.10p as 

1 



(4.24) 



We then substitute (I3.30p and ()4.24p into (14. 9p and use the field equations. We also note the facts that 
and ^^.j are Killing vectors, which satisfy (|2.6p and commute with each other, that the horizon sphere 
dC does not have its own boundaries, and that is hypersurface orthogonal. Then, under the boundary 
condition imposed above, whether the asymptotic symmetry group is reduced (w = const. + 0{u^)) or not 
(^j° = 0(m)), a lengthy calculation yields 

%H[Vi; Ci] = 0. (4.25) 
Therefore, the Poisson brackets algebra of the conserved charges 7t[4!, (] is given by 

{m^-Xi], n[^;C2]}^n[^P;£a2]-n[4>;£a2]- (4.26) 
When we redefine 7Y['0; C] by an additive constant as 

Hiij; C] -> n'i^j; C] ^ Hii^; C] - Hi^; (], (4.27) 
which is achieved by adjusting the integration constant 7Yo[C] iii (14. 5p . we see that (|4.26p is rewritten as 

{n'ii^; Ci] , n'ii^; C2]} = n'i^j; CcM- (4.28) 

This shows that the central charge vanishes, as in the case of [M], and hence that there arises no anomaly of 
diffeomorphism invariance. In particular, while the Lie brackets algebra of the asymptotic Killing vectors C° 
contains the diff{S^) or diff{R^) sub-algebra the corresponding Poisson brackets sub-algebra does not 
possess a non-vanishing central charge. 
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We note that the vanishing central charge in the Poisson brackets algebra is an immediate consequence 
of (|4.25p . However, we can argue that (|4.25p serves also as an evidence that the microscopic states of black 
hole thermodynamics are described by the asymptotic Killing horizons. To see this, we set as 

Ci = C)' C2 = r = - XV^co + Oiu), (4.29) 

and substitute into (|4.25p . We then have 

6^n[t,^w]=0. (4.30) 

Since the variation S is defined to act only on the dynamical field variables , as we see from the variation of 
the Lagrangian (|4.3p . but not on ^"^j, (|4.30p indicates that the conserved charge remains unaffected 

under the infinitesimal transformations 

^i^^i + C^^i^ Cr.) (4-31) 

i.e., the transformations where the dynamical field variables ip^ are transformed by the Lie derivatives but the 
vector is fixed. However, we see that the transformations (|4.3ip are equivalent, up to diffeomorphisms, 
to the transformations where are fixed but ^"^^ is transformed as 

e<%-C,-AC.,' (4-32) 
because the transformations (|4.3ip followed by the infinitesimal diffeomorphisms 

AV'', C ^ - -CcC)' (4-33) 
reduce to (|4.32p . On the other hand, (with 7Yo[C(h)] = 0) has been shown [2U] to coincide with 

TS on a stationary and axisymmetric black hole spacetime, where T and S denote the temperature and 
the entropy of the black hole, respectively. The entropy of the Kerr-Newman black hole is given by the 
Bekenstein-Hawking formula, and the Lie derivative of the volume element of a horizon sphere vanishes 
along the null direction on the horizon. Since the zeroth law holds and is null on the horizon, we then find 
that = TS is invariant under the diffeomorphisms along and hence that it is left unchanged 

also under the transformations (|4.32p . Furthermore, we can write [6] as 

C) - AC = ^'C - AV'c.' + 0{u), (4.34) 
where uj' = 1 +^"^jVaa;, and thus i^^^j — found to be an asymptotic Killing vector that becomes null 

on the horizon. As we mentioned above, such an asymptotic Killing vector generates an asymptotic Killing 
horizon on the same null hypersurface as the Killing horizon. Therefore, the Killing horizon is transformed 
into asymptotic Killing horizons under the transformations (I4.32p . and thus we see that the value of the 
conserved charge ^(h)] is left unchanged under these transformations from the Killing horizon into the 
asymptotic Killing horizons. Since ^(h)] gives the thermodynamical quantity and the function lo in 

(|4.29p is arbitrary, it then implies that all the asymptotic Killing horizons infinitcsimally transformed from 
the Killing horizon are associated with the same macroscopic (thermodynamical) state. This may suggests 
that the asymptotic Killing horizons are regarded as degenerate from a macroscopic point of view, while 
they are physically distinguishable |6], as we mentioned in Introduction. 

5. Summary and discussion 

We first derived the general form of the asymptotic Killing vectors on the Killing horizon of the Kerr- 
Newman black hole, which was actually shown to be possessed universally by arbitrary Killing horizons 
[6]. One might suspect that the asymptotic symmetries generated by these asymptotic Killing vectors are 
nothing more than a sort of gauge, but it should be emphasized that asymptotic Killing horizons, which are 
described by a sub-group of these asymptotic symmetries, are distinguished physically by the acceleration 
associated with them [6]. It is then natural to expect that asymptotic Killing horizons have something to 
do with the universal physics of a Killing horizon, in particular, its thermal feature. 
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We then considered the covariant phase space associated with these asymptotic Kilhng vectors. By 
incorporating the electromagnetic field into the asymptotic symmetries, we found that two types of the 
boundary condition on the gauge potential are possible in the case of an extreme black hole, and that they 
give the covariant phase spaces of an extreme black hole with diiTerent sizes. The boundary condition that 
imitates a non-extreme black hole provides the covariant phase space of the size comparable with a non- 
extreme black hole, while the covariant phase space resulting from the boundary condition that respects 
the global structure of a Killing horizon particular to an extreme black hole is small enough to exclude the 
degeneracy of asymptotic Killing horizons. It should be stressed, however, that what plays an essential role 
is not the electromagnetic gauge, but the geometric structure of the Killing horizon of an extreme black 
hole. The electromagnetic field simply probes this geometric structure. Even without the electromagnetic 
field, as in the case of the Kerr black hole, it is actually possible to reduce the covariant phase space of 
the asymptotic Killing vectors by imposing stringent conditions that respect the global geometric structure 
of a Killing horizon particular to an extreme black hole. Therefore, the behavior of the asymptotic Killing 
horizons of an extreme black hole, which was found from the acceleration associated with them [B], is properly 
realized also in the covariant phase space. In particular, the covariant phase space of the asymptotic Killing 
vectors is consistent with both the entropy of an extreme black hole in string theory [U [3 [9] and that in the 
Euclidean approach |10[ lllj , which are apparently conflicting with each other but might be viewed as dual 
aspects of a single phenomenon. 

It is important also to mention the issue of the central charge in the Poisson brackets algebra, which 
represents an anomaly of diffcomorphism invariance. We showed in this paper that the central charge 
vanishes. Thus, straightforward application of the same method as that applied to the infinity of the B.T.Z. 
black hole spacetime [3] does not reproduce the Bekenstein-Hawking formula. One might then consider 
that this result indicates that the asymptotic symmetries analyzed in this paper have nothing to do with 
microscopic states responsible for the thermal feature of a horizon, particularly if we persist in following the 
derivation in the case of the B.T.Z. black hole [21 . However, there actually exists an explicit microscopic model 
in the theory of induced gravity [24 , where the Bekenstein-Hawking formula has been reproduced based on 
the asymptotic symmetries with the vanishing total central charge, while each microscopic field in this model 
carries a non- vanishing central charge. Moreover, in the recent approach to Hawking radiation [25], it was 
found |26| that the anomaly cancellation condition, which thus requires that anomalies of diffcomorphism 
and gauge invariance are absent, along with appropriate conditions on the effective energy-momentum, lead 
to the Hawking flux with the correct temperature. Therefore, the vanishing central charge looks consistent 
with the thermal feature of a horizon, at least in an effective theory. Furthermore, we saw that the vanishing 
central charge provides an evidence that all the asymptotic Killing horizons on a Killing horizon are associated 
with the same macroscopic state, which may imply that the microscopic states of black hole thermodynamics 
are described by the asymptotic Killing horizons. Probably, not all of these asymptotic Killing horizon will 
contribute to black hole entropy, and a sort of quantization condition may be imposed in a quantum theory, 
which will allow only a discrete subset of the asymptotic Killing horizons to constitute a thermal object. It 
will be interesting to analyze this issue further in future investigations. 

Acknowledgments 

I would like to thank A. Hosoya, K. Maeda, M. Natsuume, G. Kang and M. Park for useful discussions and 
encouragement . 

References 

[1] Bardeen J M, Carter B and Hawking S W 1973 Commun. Math Phys. 31 161 
[2] Hawking S W 1975 Commun. Math. Phys. 43 199 
[3] Strominger A 1998 J. High Energy Phys. 02 009 



Asymptotic symmetries on Kerr-Newman horizon without anomaly of dijfeomorphism invariance 



16 



Fursaev D V 2005 Phys. Part. Nucl. 36 81 (Preprint |gr-qc/0404038l l 

Carlip S 2006 Preprint gr-qc/0601041j 

Koga J 2006 Preprint gr-qc/0604054 

Strominger A and Vafa C 1996 Phys. Lett. B 379 99 

Horowitz G T 1996 Preprint gr-q c/960405 1 

Son A 2005 JHEP 09 038 

Hawking S W, Horowitz G T and Ross S F 1995 Phys. Rev. D 51 4302 
Teitelboim C 1995 Phys. Rev. D 51 4315 

Bondi H, van der Burg M G J and Metzner A W K 1962 Proc. Roy. Soc. (London) A269 21; Sachs R K 1962 Proc. Roy. 

Soc. (London) A270 103; Sachs R K 1962 Phys. Rev. 128 2851 
Brown J D and Henneaux M 1986 Comm. Math. Phys. 104 207 
Koga J 2001 Phys. Rev. D 64 124012 
Silva S 2002 Class. Quantum Grav. 19 3947 
Barnich G and Brandt F 2002 Nucl. Phys. B 633 3 

Frolov V P and Novikov I D 1998 Black Hole Physics (The Netherlands: Kluwer Academic PubUshers) 

Wald R M 1994 Quantum Field Theory in Curved Spacetime and Black Hole Thermodynamics (Chicago: The University 

of Chicago Press) 
Lee J and Wald R M 1990 J. Math. Phys. 31 725 

Wald R M 1993 Phys. Rev. D 48 3427; Iyer V and Wald R M 1994 Phys. Rev. D 50 846 
Wald R M and Zoupas A 2000 Phys. Rev. D 61 084027 

Ratz I and Wald R M 1992 Class. Quantum Grav. 9 2643; Ratz I and Wald R M 1996 Class. Quantum Grav. 13 539 
Henneaux M and Teitelboim C 1985 Commun. Math Phys. 98 391 
Frolov V, Fursaev D and Zelnikov A 2003 JHEP 03 038 
Robinson S P and Wilczek F 2005 Phys. Rev. Lett. 95 011303 

Iso S, Umetsu H and Wilczek F 2006 Phys. Rev. Lett. 96 151302; Iso S, Umetsu H and Wilczek F 2006 Phys. Rev. D 74 
044017 



